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^ ' Abstract. A homogeneous, Kantowski-Sachs type, bouncing brane-world 

universe is presented. The bulk has a positive cosmological constant and the 
Killing algebra so(l,3) © so(3). The totality of the source terms of the effective 
Einstein equation combine to a solid with different radial and tangential pressures. 



> 

0^ ' 1. Introduction 

in 

' The 5-dimensional Einstein equation imposed on a bulk containing a single brane 
located at y — (generalized Randall-Sundrum type II model 0), with the energy- 

' momentum tensor Tab (obeying Tab^^ = 0, where n-^ — S^y is the unit normal to 

, the brane) is 



gn! Gab = 



X 



-A9AB+S{y){-XgAB+TAB} ■ (1) 



5-H . Here = Sir/Mp is the 5-dimensional coupling constant (Mp being the 5-dimensional 

Planck mass) and A is the brane tension. Due to the Gauss-Codazzi equations and 
the junction conditions across the 2'2-symmetrically embedded brane, the effective 
Einstein equation on the brane emerges [2]: 



^ , Gi^ii, — —Kg^j^i, -|- + K^Sf^i, — S^i, , (2) 

where = Sir/M^ is the 4-dimensional coupling constant and qab — gAB ~ nAriB 
is the induced metric. The 5-dimensional and 4-dimensional energy scales and 
cosmological constants are related to each other and the brane tension via 

2A ^K^A + K^A. (3) 
Here S^i, are local quadratic energy-momentum corrections, given by 

= J^Ta^Tfj^,, - -^Tf^aT'^iy + ^5m<^ STapT"''^ - {Ta^f . (4) 

and £^1, is the y ^ limit of the £ab = C ac b on'-^ projection of the bulk Weyl 
tensor. 

Various solutions of this new scenario have already been considered, the most 
recent of them being the Godel brane 3 . Due to the cosmological implications. 
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likely to be experimentally tested, the Friedmann branes were widely employed 0], 
The results of [7] and [5] suggested that all bulk solutions with Friedmann 
branes should be 5-dimensional Schwarzschild-anti de Sitter (SAdS). However a class 
of brane- world solutions generalizing the Einstein static universe was found jOj , which 
disobey this rule. The simplest of them, the generalized Einstein static brane with 
curvature index e = is embedded in a flat bulk in [Hj . The solutions given in [Hj bear 
in common a negative energy density — —A of the perfect fluid source, however 
the effective energy density (computed with respect to the unit tangent vector along 
the fluid flow lines) from all contributions to the source (including the 4-dimensional 
cosmological constant) is ^'^pfff = Gabu^u^ = Gn^u^u" = Ak^, positive for any 

bulk cosmological constant A > 0. 

In this paper we present (among other metrics with peculiar signatures) a related 
homogeneous brane-word solution, obtained by applying the complex transformation 

t^iX , X^-it , (5) 

to the solutions found in 0. From a 4-dimensional point of view the brane in this 
solution is a solid with spherical and homogeneous symmetries and constant tensions. 
The notation follows closely that of Ref . W ■ 



2. Homogeneous universe 



As in we introduce the notation 

K^A = SeF^ , F > . (6) 

Here e = 0,±1 carries the sign of the bulk cosmological constant. The one-parameter 
class of solutions found in 9 is: 

T^dsE ' = -F\y; e)dt^ + dx^ +nl (x; e) {d9^ + sin' Od^^) +dy'' , (7) 
with the metric functions 

{Acos(^/2y)-t-Bsin(V2y) , e=l, 
A + V2By , 6 = 0, (8) 

^ cosh (\/2 ?/) + S sinh (\/2 J/) , e = -l. 

and 

{cos X , e = 1 , 

X , e = 0, (9) 
sinh X , e = -1 . 

(For e = 1 we have changed the function sin into cos . This being a simple translation 
in the coordinate Xi it does not change the solution. This new form of the metric is 
required in order to obtain the new solutions presented below.) 
By the complex transformation (jSJl the line element becomes 

F'ds 2 = -dt"^ + F^{y; e)dx^ + {t; e) {d9^ + sin' Odip"^) + dy^ , (10) 

with the metric function TL{t] e) given by 

cosh t , e = 1 , 

n(t;e)^{ it , e = 0, . (11) 
i sin t , e — —1 . 
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Alternatively, we can define TL by relations very similar to the ones given in 

{dtUf , d^H = eH . (12) 

The new metrics solve the Einstein equations ^ in the bulk. In the cases e = 0, — 1 

the metric has the signature ( — I h) and we do not study further these solutions. 

The e = 1 case gives the new one-parameter solution: 

2 



A cos (y2 B sin dx 



+ cosh^ t {de^ + sin^ 6dip^) + dy^ . (13) 

The symmetries of this metric form the Killing algebra so(l, 3) © so(3), as shown in 
the Appendix. 

The projected part of the bulk Weyl tensor characterizing the metric (|13ll is 

£ab = CACBon^n^ = {uaub + ieA^B - Iab) , (14) 

where = TS^o is the unit 4- velocity along d/dt, e^ ~ TF^^S^i is the homogeneous 
Killing vector of the metric l|13() and Iab — 9ab + uaub — gas-b- 
On the brane [y — 0) the metric H13|l induces the 4-metric: 

V'^ds'^ = -dt^ + A^dx^ +coii\it {de^ + sin^ edip^) . (15) 

As the continuity of the metric across the brane requires the same value of the constant 
A on both sides of the brane, the constant A can be absorbed into the coordinate x- 
The brane has spherical symmetry but it is also homegeneous, as is the Kantowski- 
Sachs metric ^] of ordinary 4-dimensional general relativity. Having the scale-factors 
1/r and cosht/r, it is different from the Kantowski-Sachs brane cosmologies presented 
in The metric 1)15(1 has positive curvature R — 6r^, therefore it is not contained in 
the Bianchi classification ^^l- However, as shown in the Appendix, it has even more 
symmetries. The remaining three Killing symmetries are boost-like. The complete 
algebra of the Killing vectors on the brane is so(l,3) ® R. The scale-factor coshi 
implies a bouncing character of this brane-universe in the time-parameter t. 

The extrinsic curvature of any hypersurface y =const. in the metric ((13(1 has only 
one nonvanishing component 

K^^^^F{y)dyF{y) . (16) 

In consequence the jump in the extrinsic curvature across the brane (at y = 0) is 

[K^,]^V2[B]Te^e,. (17) 

A Z2-symmetric bulk solution is given by Eq. ((13(1 with y replaced by \y\. Then [B] 
is replaced by 2B in Eq. lfT7|l . 

The relation [if^^] ([^mi' + 5 (-^ ^ T)g^i,]) gives the brane source 

f^ip + X) =2V2BV . (18) 

The energy-momentum tensor describes a perfect fluid with negative energy density 
p = ~X only in the case B ~ Q. This condition would imply no jump in the extrinsic 
curvature, therefore the matter on the brane being generated as a response to the 
brane tension A. In the generic case the energy-momentum tensor ((18(1 represents a 
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generalized fluid. As A > 0, the possibility of a positive energy density is left open, 
in contrast with the solutions presented in [S]. Then the radial principal pressure is 
positive, while the tangential ones are negative. 
The quadratic source term Q gives 

~4 2 

Sf^i, ~ ^ Qfii, K T^u , (19) 

and the totality of the source terms in the effective 4d Einstein equation combine to 
G^^u = {uaub - SeACB - Iab) ■ (20) 
(In the derivation we have employed Eqs. (|3Jl and (O several times.) 



3. Concluding remarks 

We have presented a homogeneous brane-world universe obtained from the Einstein 
brane- universe by applying the complex transformation This universe has a 

bouncing character. Its source given by Eq. 1)18(1 is difhcult to interpret in terms 
of ordinary matter. However, from the classical general relativistic point of view, 
on the right hand side of Eq. H2U|I we have a generalized solid with energy density 
K?peff — r^, radial tension K^p^^j = — SF^ and tangential tension k'^pIJ): — — F^. 
This is one of the rare solutions of the Einstein field equations with symmetry group 
Gy, from among which only the Einstein static universe and some special plane waves 
were known previously [T^ . 

It is worth to note, that the Einstein static brane presented in [5], with — 
—A < and (p^ + P^) = — 2\/2SF, can be interpreted from the general relativistic 
point of view as having effective energy density n^pf^j = 3eF^ and isotropic tension 
K^Peff = — er^i a perfect solid for e = 1. 
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Appendix A. Killing vectors 

A set of independent Killing vectors for the metric ((10(1 in the coordinates x"^ = 

{t,X,S,f,y) is given by 



ifi= (0,0,0,1,0) , 
K2 = (0, 0, — C0S9?, cot 6'sin(p, 0) , 
K3 = (0, O,siniy9,cot0cosiy9,O) , 
^4= (-cos6',0,9t (Iog7^)sin6',0,0) , 

K5 = ^sin^sin^j, 0, dt (logH) cos sin (p, dt (logH) o) ' 

Ke ~ ( sin6 cos (p,Q,dt (log Ti) cos 6 cos ip,—dt (log Ti) ^ q 
\ sm ^ 

Kr^ (a/3)-^ (0,1, 0,0,0) , 
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a' 



,2 



^13 



(0, ~dy (log F) sin iPx) , 0, 0, /3 cos {(3x)) 



a 



(0, 9^, (log F) cos (/3x) , 0, 0, /3 sin [Px)) , 



(A.1) 




notations a = sgn {eA^ + B'^) and [i = ^2 \ eA^ + B'^ \. 



[i^3+i,i^3+j] 



0= [X6+i,/^3+j] 



(A.2) 



Thus the Killing algebra is so(l, 3) © so(3). From among the Killing vectors K^-r are 
confined to the y = const sections. They span the algebra so(l, 3) ® M. 

The vectors i^i-r (without the fifth component) are the Killing vectors for the 
brane metric Among them -fiTi-a and K-z are spacelike and they assure the 

homogeneity of the constant time slices (they form the so(3) 0R algebra). The causal 
character of the remaining three Killing vectors is given by 



For t = all three of them are time- like, while for other values of t the causal character 
depends on the actual values of 9 and ip. The region with all three Killing vectors 
spacelike increases with | t | . 
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V'g[K^,K5) 
r^g{Ke,Ke) 



1 + sin^ cosh^ t , 

1 + (l - sin^ 9 sin^ tp) cosh^ t , 

1 + (l — sin^ 9 cos^ (/s) cosh^ t . 



